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REGULARITY PROPERTY OF SOME OPERATORS ON LIPSCHITZ
SPACES AND HOMOGENEOUS LIPSCHITZ SPACES RELATED TO
BIHARMONIC OPERATOR
CHAO ZHANG
Abstract. In this paper, we consider the characterizations of the Lipschitz spaces
and homogeneous Lipschitz spaces associated to the biharmonic operator ∆2. With
this characterizations, we prove the boundedness of the Bessel potentials, fractional
integrals, fractional powers, Riesz transforms and multipliers of Laplace transforms
type associated to ∆2 on Lipschitz spaces and homogeneous Lipschitz spaces. The
proofs of these results need the language of semigroups in an essential way.
1. Introduction and statement of the main results
Classical Lipschitz spaces on Rn, Λα, for 0 < α < 1, are defined as the set of functions
ϕ such that |ϕ(x + z) − ϕ(x)| ≤ C|z|α, x, z ∈ Rn. These spaces are of particular
importance in Harmonic Analysis and PDE’s. It goes back to A. Zygmund that for
α = 1 the natural space is the set of functions such that |ϕ(x+z)+ϕ(x−z)−2ϕ(x)| ≤
C|z|, x, z ∈ Rn. For α > 1, Λα is defined as the class of smooth functions such that
their first order derivatives belong to Λα−1. Given the pointwise characterization of
the above definitions, the pointwise expression of the operator is needed to prove the
boundedness of operators in the classes Λα. However, it is relatively common to have
definitions of operators in terms of the heat or the Poisson semigroup, for example,
the Bessel potential, negative powers, fractional powers, and so on. Then, it should be
desirable to have some equivalent definitions of the Lipschitz classes, which contains
some expressions of the semigroups(not on points). As far as we know, the first attempt
in this direction goes back to the Ph.D thesis of M. Taibleson, see [15]. He characterized
the bounded Lipschitz functions via the Poisson semigroup, e−t
√−∆, and the Gauss
semigroup, et∆, see [10, 16] also. The advantage of this approach is that, the semigroup
language allows us to obtain regularity results in these spaces in a more direct way. In
particular, it allows us to prove the boundedness of some fractional operators, such as
fractional laplacians, fractional integrals, Riesz transforms and Bessel potentials, in a
much more simple way than using the classical definition of the Lipschitz spaces.
Recently, some papers have been devoted to analyze the Lipschitz spaces adapted to
different “laplacians” and to find pointwise and semigroup estimate characterizations,
see [2, 3, 5, 8, 13]. In the case of the Ornstein-Ulhenbeck operator O = −1
2
∆+ x · ∇,
2010 Mathematics Subject Classification. 42B35, 46N20, 35B65.
Key words and phrases. heat semigroups, biharmonic operator, Lipschitz spaces, homogeneous
Lipschitz spaces.
Supported by the National Natural Science Foundation of China(Grant Nos. 11971431, 11401525),
the Natural Science Foundation of Zhejiang Province(Grant No. LY18A010006), and the first Class
Discipline of Zhejiang-A(Zhejiang Gongshang University-Statistics).
1
2 CHAO ZHANG
in [5], some Lipschitz classes were defined by means of its Poisson semigroup, e−t
√O,
and in [8] a pointwise characterization was obtained for 0 < α < 1. In the literature
sometimes “Lipschitz classes” are also known as “Ho¨lder classes”. In the case of the
Hermite operator H = −∆ + |x|2, adapted Ho¨lder classes were defined pointwisely
in [13]. By using semigroups these last classes were characterized in [3], also in the
parabolic case. The classical parabolic case was treated in [14]. In [2], the authors
proved the characterization of Lipschitz spaces adapted to the Schro¨dinger operators
−∆+ V , where V is a nonnegative potential satisfying a reverse Ho¨lder inequality.
In this paper, we shall define the Lipschitz space Λ∆
2
α/4, associated to the biharmonic
operator ∆2, see Definition 1.1. This definition will allow us to prove some regularity
estimates for operators defined through the heat semigroups generated by ∆2, see
Theorem 1.2.
All the above semigroup characterizations are given for special sets of Lipschitz func-
tions, either bounded, or polynomially bounded, see [2, 10]. However this is not enough
in our case. Even more, it is also not enough in the classical case. For example, it is
well known that the Hilbert transform doesn’t map bounded functions into bounded
functions, see [4, 6]. And the result developed by Privalov establishes that, if a function
f satisfies
(1.1) |f(x)− f(y)| ≤ C|x− y|α,
then the conjugate function f˜ satisfies∣∣∣f˜(x)− f˜(y)∣∣∣ ≤ C|x− y|α,
for 0 < α < 1, see [17, 19]. In other words if we define the norm
‖f‖Lipα = sup
x 6=y
|f(x)− f(y)|
|x− y| ,
then
‖f˜‖Lipα ≤ C‖f‖Lipα.
But the conjugate operator T : f 7→ f˜ is not well defined for functions on L∞(Rn). The
above situation can be also found in other scales of spaces in Harmonic Analysis, such
as Besov spaces, Triebel-Lizorkin spaces and so on. The standard adjective used for
this type spaces defined above is “homogeneous” and the standard notation is to put
a “dot ” over the “non homogenous space”. Motivated by these ideas, we will consider
the homogenous Lipschitz spaces, Λ˙∆
2
α/4, see Definition 1.4. This will allow us to prove
some regularity results for operators defined spectrally in L2(Rn), but not defined in
L∞(Rn) in general, see Theorems 1.7-1.11.
Consider the following Cauchy problem for the biharmonic heat equation
(1.2)
{
(∂t +∆
2)u(x, t) = 0 in Rn+1+
u(x, 0) = f(x) in Rn.
Its solution is given by
u(x, t) = Wtf(x) =
∫
Rn
Wt(x− y)f(y)dy,
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where
Wt(x) = F
−1
(
e−|ξ|
4t
)
= t−n/4g
( x
t1/4
)
with
g(ξ) = (2π)−n/2
∫
Rn
eiξη−|η|
4
dη = αn |ξ|1−n
∫ ∞
0
e−s
4
(|ξ| s)n/2J(n−2)/2(|ξ| s)ds, ξ ∈ Rn,
and F−1 being the inverse Fourier transform. Here, Jv denotes the v-th Bessel function
and αn > 0 is a normalization constant such that∫
Rn
g(ξ)dξ = 1.
See [7, 18] for more details. Then, we have the following several results by classical
analysis(for details, see [11]):
(1) If f ∈ Lp(Rn), 1 ≤ p ≤ ∞, then
lim
t→0
u(x, t) = f(x) a.e. x ∈ Rn,
and
‖u(·, t)‖Lp(Rn) ≤ C ‖f‖Lp(Rn) .
(2) If 1 ≤ p <∞, then
‖u(·, t)− f‖Lp(Rn) → 0, when t→ 0+.
Now, we define the spaces Λ∆
2
α/4 in the following.
Definition 1.1. Let α > 0. We define the spaces Λ∆
2
α/4 as
Λ∆
2
α/4 =
{
f ∈ L∞(Rn) : ∥∥∂kt Wtf∥∥L∞(Rn) ≤ Cαt−k+α/4, k = [α/4] + 1}.
We endow this space with the norm
‖f‖
Λ∆
2
α/4
:= ‖f‖∞ + Sα[f ],
where Sα[f ] is the infimum of the constants Cα appearing above.
And, we have the following characterization theorem.
Theorem 1.2. Let 0 < α < 2. Then the following three statements are equivalent:
(1) f ∈ Λ∆2α/4.
(2) f ∈
{
f ∈ L∞(Rn) :
∥∥∥∂kt e−t√−∆f∥∥∥
L∞(Rn)
≤ Cαt−k+α, k = [α] + 1
}
, where
e−t
√−∆ is the classical Poisson kernel.
(3) f ∈
{
f ∈ L∞(Rn) : Nα[f ] := sup
|y|>0
‖f(·+ y) + f(· − y)− 2f(·)‖∞
|y|α <∞}.
Moreover,
‖f‖
Λ∆
2
α/4
∼ ‖f‖L∞ + S˜α[f ] ∼ ‖f‖L∞ +Nα[f ],
where S˜α[f ] denotes the infimum of the constants Cα appearing in (2).
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We shall prove the regularity property of the Bessel potential of order β > 0 associ-
ated to ∆2. Its definition is motivated by the Gamma formula,
(Id+∆2)−β/4f(x) =
1
Γ(β/4)
∫ ∞
0
e−se−s∆
2
f(x)sβ/4
ds
s
,
see [12]. In fact, we have the following theorem.
Theorem 1.3. Let α, β > 0. Then, (Id+∆2)−β/4 satisfies
(i) ‖(Id+∆2)−β/4f‖
Λ∆
2
α+β
4
≤ C‖f‖
Λ∆
2
α/4
,
(ii) ‖(Id+∆2)−β/4f‖
Λ∆
2
β/4
≤ C‖f‖∞.
As we have said previously, operators defined by using the heat semigroups are well
defined in L2(Rn), but not in L∞(Rn), unless the heat kernel has good enough property.
So, it seems natural to study the following type Lipschitz space.
Definition 1.4 (Homogeneous Lipschitz spaces associated to ∆2). Let α > 0. We
define the semi-norm spaces Λ˙∆
2
α/4 as
Λ˙∆
2
α/4 =
{
f :
∥∥∂kt Wtf∥∥L∞(Rn) ≤ Cαt−k+α/4, k = [α/4] + 1}.
We endow this class with the semi-norm
‖f‖
Λ˙∆
2
α/4
= Sα[f ].
Of course, in the definition of the space Λ˙∆
2
α/4, we should assume that ∂
k
tWtf is well
defined, but not necessarily f ∈ L∞(Rn). However, for certain classes of functions,
these spaces Λ˙∆
2
α/4 contain the functions which satisfy a pointwise inequality of the type
(1.1). In fact, we have the following theorem.
Theorem 1.5. Let 0 < α < 2, and let f be functions such that ∂tWtf is well defined
and lim
t→0+
Wtf(x) = f(x) a.e. x ∈ Rn. Then the following two statements are equivalent:
(1) f ∈ Λ˙∆2α/4.
(2) f ∈ {f : Nα[f ] <∞}.
Moreover,
‖f‖
Λ˙∆
2
α/4
∼ Nα[f ].
By the theorem above and Proposition 3.28 in [2], we know that, when 0 < α < 2,
if f ∈ Λ˙∆2α/4, then sup|y|>0
‖f(· − y)− f(·)‖∞
|y|α <∞.
Also, we will prove a parallel result to [10, Proposition 9 in pp. 147], which states
the relationship between the Lipschitz function and its derivatives.
Theorem 1.6. Suppose that α > 1. Then,
f ∈ Λ˙∆2α/4 if, and only if, ∂xif ∈ Λ˙∆
2
(α−1)/4, i = 1, · · · , n.
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In this case, the following equivalence holds
‖f‖
Λ˙∆
2
α/4
∼
n∑
i=1
‖∂xif‖Λ˙∆2
(α−1)/4
.
With the spaces Λ˙∆
2
α/4 defined in Definition 1.4, we can get the boundedness of some
operators associated to ∆2 in the homogeneous Lipschitz spaces. The operators we
will consider are defined as follows.
• The fractional integral of order β > 0,
(∆2)−β/4f(x) =
1
Γ(β/4)
∫ ∞
0
e−s∆
2
f(x)sβ/4
ds
s
.
• The fractional biharmonic operator of order β > 0,
(∆2)β/4f(x) =
1
cβ
∫ ∞
0
(e−s∆
2 − Id)[β/4]+1f(x) ds
s1+β/4
.
• The first order Riesz transforms defined by
Ri = ∂xi(∆2)−1/4 and Ri = (∆2)−1/4∂xi , i = 1, · · · , n.
Theorem 1.7. Let α, β > 0. Then, (∆2)−β/4 satisfies
‖(∆2)−β/4f‖
Λ˙∆
2
α+β
4
≤ C‖f‖
Λ˙∆
2
α/4
.
Theorem 1.8 (Ho¨lder estimates). Let 0 < β < α and f ∈ Λ˙∆2α/4. Then,
‖(∆2)β/4f‖
Λ˙∆
2
α−β
4
≤ C‖f‖
Λ˙∆
2
α/4
.
Theorem 1.9.
(1) For 0 < α ≤ 1, then ‖Rif‖Λ˙∆2
α/4
≤ C‖f‖
Λ˙∆
2
α/4
, i = 1, . . . , n.
(2) For 1 < α ≤ 2, then ‖Rif‖Λ˙∆2
α/4
≤ C‖f‖
Λ˙∆
2
α/4
, i = 1, . . . , n.
Remark 1.10. If we note that (∆2)−β/4 = ∆−β/2, (∆2)β/4 = ∆β/2, Ri = ∂xi(∆2)−1/4 =
∂xi∆
−1/2 and Ri = (∆2)−1/4∂xi for i = 1, · · · , n, then Theorems 1.7–1.9 reveal the
regularity of the above operators associated to ∆ in the homogeneous Lipschitz spaces
associated to ∆2.
Also, we can get the following result related to the Laplace transform.
Theorem 1.11. Let a be a compactly supported bounded measurable function on [0,∞)
and consider
m(λ) = λ
∫ ∞
0
e−sλa(s)ds, λ > 0.
Then, the multiplier operator of the Laplace transform type m(∆2) is bounded in
L2(Rn), and, for every α > 0, m(∆2) is bounded from Λ˙∆
2
α/4 into itself.
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The organization of the paper is the following. In Section 2, we prove the charac-
terization of the classical Lipschitz spaces related to ∆2 and the boundedness of the
Bessel potentials on this kind of Lipschitz spaces. In Section 3, we will prove the char-
acterization of the homogeneous Lipschitz spaces related to ∆2 and the boundedness
of the fractional integrals, fractional powers, Reisz transforms and the multiplier of the
Laplace transforms on the homogeneous Lipschitz spaces associated to ∆2.
Along this paper, we will use the variable constant convention, in which C denotes a
constant that may not be the same in each appearance. The constant will be written
with subindexes if we need to emphasize the dependence on some parameters.
2. Proof of Theorems 1.2 and 1.3
In this section, we will give the proof of Theorems 1.2 and 1.3. Firstly, we list some
kernel estimations for the heat kernel Wt(x) of the semigroup e
−t∆2 .
Lemma 2.1. (See [1] and [7, Lemma 2.4]) For x ∈ Rn and t > 0, the following
estimates hold:
(i)
|Wt(x)| ≤ Ct−n/4e−c
|x|4/3
t1/3 , c =
3 · 21/3
16
,
(ii) ∣∣∂lt∇kWt(x)∣∣ ≤ C (t 14 + |x|)−n−k−4l e−c′ |x|4/3t1/3 , ∀k, l ≥ 1, c′ < c,
(iii) ∥∥∂lt∇kWt(·)∥∥L1(Rn) ≤ Ct−l− k4 , ∀k, l ≥ 1,
(iv) there exist C,C ′ > 0 such that for 0 ≤ j ≤ 4,∣∣∇jWt(x)∣∣ ≤ Ce−C′|x|, ∀(x, t) ∈ Rn × (0, 1)\(B2 × (0, 1
2
)
)
.
Remark 2.2. We observe that, because of the estimate (iii) in Lemma 2.1, we can
assume t < 1 in Definition 1.1.
The following proposition shows that we can use any bigger integer than [α/4] + 1
in Definition 1.1.
Proposition 2.3. Let α > 0. A function f ∈ Λ∆2α/4 if, and only if, for m ≥ [α/4] + 1,
we have ‖∂mt Wtf‖L∞(Rn) ≤ Cmt−m+α/4 and f ∈ L∞(Rn).
Proof. Let m ≥ [α/4] + 1 = k. By Lemma 2.1, we get
∣∣∣∣
∫
Rn
∂ktWt(x, y)dy
∣∣∣∣ ≤ Ctk . Then,
by the semigroup property we have∣∣∣∂mt Wtf(x)∣∣∣ = C∣∣∣∂m−kt Wt/2 (∂kuWuf(x)∣∣u=t/2) ∣∣∣ ≤ C ′α 1tm−k t−k+α/4 = Cmt−m+α/4.
For the converse, the fact |∂mt Wtf(x)| → 0 as t→∞, see (ii) in Lemma 2.1, allows us
to integrate on t as many times as we need to get ‖∂kt Wtf‖L∞(Rn) ≤ Cα t−k+α/4. 
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Now, we can prove our first main theorem. We should remember the following
Bochner’s subordination formula
e−t
√
λ =
1
2
√
π
∫ ∞
0
te−
t2
4τ
τ 3/2
e−τλdτ =
1√
π
∫ ∞
0
e−τ
τ 1/2
e−
t2
4τ dτ, λ > 0.
Given a positive operator L, the above formula gives a good representation of the
Poisson semigroup associated to the operator L. In general, the Poisson semigroup is
written as e−t
√
L. This procedure could be iterated, and then we can get the semigroup
e−t
√√
L. In the case of ∆2, it seems natural that e−t
√√
∆2 gives the classical Poisson
semigroup. In the proof of Theorem 1.2, we shall use this idea in a fundamental way.
Proof of Theorem 1.2. Since 0 < α < 2, we have [α/4] + 1 = [α/2] + 1 = 1.
“(1)⇒ (2).” Let f ∈ Λ∆2α/4. By [10, Lemma 5 in pp. 145], it is enough to prove that
‖∂2t e−t
√−∆f‖∞ ≤ Ct−2+α.
Since ∂2t
(
te−
t2
4τ
τ 3/2
)
= ∂τ
(
te−
t2
4τ
τ 3/2
)
, the Bochner’s subordination formula and integration
by parts give
|∂2t e−t
√−∆f(x)| =
∣∣∣∣∣ 12π
∫ ∞
0
∂2t
(
te−
t2
4τ
τ 3/2
)∫ ∞
0
e−u
u1/2
W τ2
4u
f(x)dudτ
∣∣∣∣∣
=
∣∣∣∣∣ 12π
∫ ∞
0
∂τ
(
te−
t2
4τ
τ 3/2
)∫ ∞
0
e−u
u1/2
W τ2
4u
f(x)dudτ
∣∣∣∣∣
=
∣∣∣∣∣ 12π
∫ ∞
0
te−
t2
4τ
τ 3/2
∫ ∞
0
e−u
u1/2
∂sWsf(x)
∣∣
s= τ
2
4u
τ
2u
dudτ
∣∣∣∣∣
≤ C Sα[f ]
∫ ∞
0
te−
t2
4τ
τ 3/2
∫ ∞
0
e−u
u1/2
τ
2u
(
τ 2
4u
)−1+α/4
dudτ
≤ C Sα[f ]t−2+α.
“(2)⇒ (3).” It is already proved in [10, Lemma 5 and Proposition 8 in Chapter V].
“(3)⇒ (1).” Since∫
Rn
∂yWt(y)f(x+ y)dy =
∫
Rn
∂tWt(−y)f(x− y)dy =
∫
Rn
∂tWt(y)f(x− y)dy
and ∫
Rn
∂tWt(y)dy = 0,
we have
|∂tWtf(x)| =
∣∣∣∣12
∫
Rn
∂tWt(y)(f(x− y) + f(x+ y)− 2f(x))dy
∣∣∣∣
≤ CNα[f ]
∫
Rn
e
−c |y|4/3
t1/3
tn/4+1
|y|αdy ≤ CNα[f ] t−1+α/4.
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We complete the proof of Theorem 1.2. 
Remark 2.4. We should note that the proof of “(1) ⇒ (2)” in the above theorem is
valid for any α > 0.
Now, we are in a position to prove Theorem 1.3.
Proof of Theorem 1.3. We prove only (i), estimate (ii) can be proved analogously.
Firstly, since f ∈ L∞(Rn), we get∣∣(Id+∆2)−β/4f(x)∣∣ = ∣∣∣ 1
Γ(β/4)
∫ ∞
0
e−sWsf(x)sβ/4
ds
s
∣∣∣
≤ C ‖f‖L∞(Rn)
∫ ∞
0
e−ssβ/4
ds
s
≤ C ‖f‖L∞(Rn), ∀x ∈ Rn.
Secondly, Fubini’s Theorem allows us to get
Wt((Id+∆
2)−β/4f)(x) =
1
Γ(β/4)
∫ ∞
0
e−sWt(Wsf)(x)s
β/4ds
s
.
For j = [α/4] + 1 , by the semigroup property, we have∫ ∞
0
∣∣∣e−s∂jtWt(Wsf)(x)∣∣∣sβ/4dss =
∫ ∞
0
∣∣∣e−s∂jwWwf(x)∣∣w=t+s∣∣∣sβ/4dss
≤ CSα[f ]
∫ ∞
0
e−s(t+ s)−j+α/4sβ/4
ds
s
.
The function in the last integral can be bounded by a uniform (in a neighborhood of
t) integrable function (of s). This means that we can interchange the derivative with
respect to t and the integral with respect to s in the above expression.
Let ℓ = [α/4+β/4]+1. By iterating the above arguments and using the hypothesis,
we have
|∂ℓtWt((Id+∆2)−β/4f)(x)| =
∣∣∣∣ 1Γ(β/4)
∫ ∞
0
e−s∂ℓtWt(Wsf)(x)s
β/4ds
s
∣∣∣∣
≤ C
∫ ∞
0
e−s
∣∣∣∂ℓwWwf(x)∣∣w=t+s∣∣∣ sβ/4dss
≤ C Sα[f ]
∫ ∞
0
e−s(t + s)−ℓ+α/4sβ/4
ds
s
s
t
=u
≤ C Sα[f ] tα/4+β/4−ℓ
∫ ∞
0
uβ/4e−tu
(1 + u)ℓ−α/4
du
u
≤ C Sα[f ] tα/4+β/4−ℓ.
We end the proof of the theorem. 
3. Proof of Theorems 1.5–1.11
In this section, we will give the proof of Theorems 1.5–1.11 related with the homo-
geneous Lipschitz spaces associated to ∆2.
First, following the proof of Proposition 2.3, we can get a proposition as follows.
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Proposition 3.1. Let α > 0. A function f ∈ Λ˙∆2α/4 if, and only if, for all m ≥ [α/4]+1,
we have ‖∂mt Wtf‖L∞(Rn) ≤ Cmt−m+α/4.
And, we give a lemma which will be used later.
Lemma 3.2. Let α > 0 and k = [α/4] + 1. If
∥∥∂ktWtf∥∥L∞(Rn) ≤ Cαt−k+α/4, then for
every j,m ∈ N such that m/4 + j ≥ k, there exists a constant Cm,j > 0 such that∥∥∂mxi∂jtWtf∥∥∞ ≤ Cm,j,αt−(m/4+j)+α/4, for every i = 1 . . . , n.
Proof. If j ≥ k, by the semigroup property we get∣∣∂mxi∂jtWtf(x)∣∣ = C
∣∣∣∣
∫
Rn
∂mxi∂
j−k
v Wv(x− z)
∣∣
v=t/2
∂kuWuf(z)
∣∣
u=t/2
dz
∣∣∣∣
≤
Cm,j,α‖∂kuWuf
∣∣
u=t/2
‖∞
tm/4+j−k
∫
Rn
e
−c |x−y|4/3
t1/3
tn/4
dy
≤ Cm,j,αt−(m/4+j)+α/4, x ∈ Rn.
If j < k, by proceeding as before we get
∣∣∂mxi∂kt Wtf(x)∣∣ ≤ Ct−(m/4+k)+α/4, x ∈ Rn, and
we get the result by integrating the previous estimate k−j times, since |∂mxi∂ℓtWtf(x)| →
0 as t→∞ as far as m/4 + ℓ ≥ k. 
Then, we can prove the pointwise characterization theorem.
Proof of Theorem 1.5. Let x ∈ Rn and f ∈ Λ˙∆2α/4. We can write, for every t > 0,
y ∈ Rn,
|f(x+ y) + f(x− y)− 2f(x)| ≤ |Wtf(x+ y)− f(x+ y)|+ |Wtf(x− y)− f(x− y)|
+ 2|Wtf(x)− f(x)|+ |Wtf(x+ y)−Wtf(x) +Wtf(x− y)−Wtf(x)|.
We have
|Wtf(x)− f(x)| =
∣∣∣∣
∫ t
0
∂uWuf(x)du
∣∣∣∣ ≤ CSα[f ]
∫ t
0
u−1+α/4du = CSα[f ]t
α/4.
In a parallel way, we can handle the two first summands. Regarding the last summand,
by using the chain rule, Lemmas 2.1 and 3.2 we have
|Wtf(x+ y)−Wtf(x) +Wtf(x− y)−Wtf(x)|
=
∣∣∣∣
∫ 1
0
∂θ (Wtf(x+ θy) +Wtf(x− θy)) dθ
∣∣∣∣
=
∣∣∣∣
∫ 1
0
(
∇uWtf(u)
∣∣
u=x+θy
· y −∇vWtf(v)
∣∣
v=x−θy · y
)
dθ
∣∣∣∣
=
∣∣∣∣
∫ 1
0
∫ 1
−1
∂λ∇uWtf(u)
∣∣
u=x+λθy
· y dλdθ
∣∣∣∣
=
∣∣∣∣
∫ 1
0
∫ 1
−1
∇2uWtf(u)
∣∣
u=x+λθy
· θ|y|2 dλdθ
∣∣∣∣
≤ CSα[f ] t−1/2+α/4|y|2.
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Thus, by choosing t = |y|4 we get what we wanted.
For the converse, we assume that Nα[f ] <∞. Since∫
Rn
∂yWt(y)f(x+ y)dy =
∫
Rn
∂tWt(−y)f(x− y)dy =
∫
Rn
∂tWt(y)f(x− y)dy
and ∫
Rn
∂tWt(y)dy = 0,
we have
|∂tWtf(x)| =
∣∣∣∣12
∫
Rn
∂tWt(y)(f(x− y) + f(x+ y)− 2f(x))dy
∣∣∣∣
≤ CNα[f ]
∫
Rn
e
−c |y|4/3
t1/3 |y|α
tn/4+1
dy ≤ CNα[f ] t−1+α/4.

Now we can prove Theorem 1.6.
Proof of Theorem 1.6. Let us prove the necessity part first. Consider the case 1 < α <
4 first. By Lemma 3.2(with j = 1, m = 1), we have
‖∂tWt(∂xif)‖∞ = ‖∂t∂xiWtf‖∞ ≤ C ‖f‖Λ˙∆2
α/4
t−1+(α−1)/4,
for every i = 1, · · · , n. Then, we know that ∂xif ∈ Λ˙∆2(α−1)/4 for every i = 1, · · · , n.
When 4n′ ≤ α < 4n′ + 4, n′ ∈ N, then k = [α/4] + 1 = n′ + 1. By Lemma 3.2(with
j = n′, m = 1), we get∥∥∥∂n′t Wt(∂xif)∥∥∥∞ =
∥∥∥∂n′t ∂xiWtf∥∥∥∞ ≤ C ‖f‖Λ˙∆2α/4 t−n′+(α−1)/4,
for every i = 1, · · · , n. So, by Proposition 3.1, ∂xif ∈ Λ˙∆2(α−1)/4.
For the converse, assume that ∂xif ∈ Λ˙∆2(α−1)/4, i = 1, · · · , n, we want to prove that
f ∈ Λ˙∆2α/4. When 1 < α < 4, [α/4]+1 = 1. By Lemma 3.2(with j = 0, m = 3), we have∥∥∥∂2xi1∂xi2Wt(∂xi2f)∥∥∥∞ ≤ C ∥∥∂xi2f∥∥Λ˙∆2(α−1)/4 t−1+α/4,
for any i1, i2 ∈ {1, · · · , n}. We would like to prove that
‖∂tWtf‖∞ ≤ Ct−1+α/4.
By (1.2), we get
(3.1) ∂tWtf = ∆
2Wtf =
n∑
i1=1
n∑
i2=1
∂2xi1
∂2xi2
Wtf.
Hence,
‖∂tWtf‖∞ ≤
n∑
i1=1
n∑
i2=1
∥∥∥∂2xi1∂2xi2Wtf∥∥∥∞ =
n∑
i1=1
n∑
i2=1
∥∥∥∂2xi1∂xi2Wt(∂xi2f)∥∥∥∞ ≤ Ct−1+α/4.
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We consider the case α ≥ 4. By the sufficient part of this theorem,
∂2xi1∂
2
xi2
f ∈ Λ˙∆2(α−4)/4,
for any i1, i2 ∈ {1, · · · , n}. Let k = [α/4] + 1. Then,
(3.2)
∥∥∥∂ktWt(∂2xi1∂2xi2f)∥∥∥∞ ≤ Ct−k+(α−4)/4 = Ct−(k+1)+α/4,
for any i1, i2 ∈ {1, · · · , n}. Therefore, by (3.1) and (3.2) we have
∥∥∂k+1t Wtf∥∥∞ =
∥∥∥∥∥∂kt
(
n∑
i1=1
n∑
i2=1
∂2xi1
∂2xi2
)
Wtf
∥∥∥∥∥
∞
≤
n∑
i1=1
n∑
i2=1
∥∥∥∂kt (∂2xi1∂2xi2)Wtf∥∥∥∞
=
n∑
i1=1
n∑
i2=1
∥∥∥∂ktWt (∂2xi1∂2xi2f)∥∥∥∞ ≤ Ct−(k+1)+α/4.
By Proposition 3.1, f ∈ Λ˙∆2α/4. We complete the proof of the theorem. 
Now, we continue the proof of Theorems 1.7–1.9.
Proof of Theorem 1.7. By a similar argument as in the proof of Theorem 1.3, we can
give the proof of Theorem 1.7. For completeness, we give a sketch proof in the following.
Let ℓ = [α/4 + β/4] + 1. We have
|∂ℓtWt((∆2)−β/4f)(x)| =
∣∣∣∣ 1Γ(β/4)
∫ ∞
0
∂ℓtWt(Wsf)(x)s
β/4ds
s
∣∣∣∣
≤ C
∫ ∞
0
∣∣∣∂ℓwWwf(x)∣∣w=t+s∣∣∣ sβ/4dss
≤ C Sα[f ]
∫ ∞
0
(t+ s)−ℓ+α/4sβ/4
ds
s
s
t
=u
≤ C Sα[f ] tα/4+β/4−ℓ
∫ ∞
0
uβ/4
(1 + u)ℓ−α/4
du
u
≤ C Sα[f ] tα/4+β/4−ℓ.
We end the proof of the theorem. 
Proof of Theorem 1.8. Let ℓ = [β/4] + 1 and m = [(α− β)/4] + 1. Then,
m+ ℓ = [(α− β)/4] + 1 + [β/4] + 1 > α/4− β/4 + β/4 = α/4.
As m+ ℓ ∈ N, we get m+ ℓ ≥ [α/4] + 1.
By the semigroup property, we have∣∣∣∂mt Wt((∆2)β/4f)(x)∣∣∣ = 1cβ
∣∣∣∂mt Wt ∫ ∞
0
(e−s∆
2 − Id)[β/4]+1f(x) ds
s1+β/4
∣∣∣
= Cβ
∣∣∣ ∫ ∞
0
∂mt Wt
(∫ s
0
· · ·
∫ s
0︸ ︷︷ ︸
ℓ
∂ℓνWν |ν=s1+···+sℓf(x)ds1 · · ·dsℓ
) ds
s1+β/4
∣∣∣
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= Cβ
∣∣∣ ∫ ∞
0
(∫ s
0
· · ·
∫ s
0︸ ︷︷ ︸
ℓ
∂m+ℓν Wν |ν=t+s1+···+sℓf(x)ds1 · · · dsℓ
) ds
s1+β/4
∣∣∣
≤ Cβ SLα [f ]
∫ ∞
0
(∫ s
0
· · ·
∫ s
0︸ ︷︷ ︸
ℓ
(t + s1 + · · ·+ sℓ)−(m+ℓ)+α/4ds1 · · · dsℓ
) ds
s1+β/4
= Cβ Sα[f ]
∫ t
0
(· · · ) ds
s1+β/4
+ Cβ Sα[f ]
∫ ∞
t
(· · · ) ds
s1+β/4
=: Cβ Sα[f ] (A+B).
Now we shall estimate A and B separately. By changing variables, we have
A = Cβt
−m+α/4
∫ t
0
∫ s/t
0
· · ·
∫ s/t
0︸ ︷︷ ︸
ℓ
(1 + s1 + · · ·+ sℓ)−(m+ℓ)+α/4ds1 · · · dsℓ ds
s1+β/4
≤ Cβ t−m+α/4
∫ t
0
(s
t
)ℓ ds
s1+β/4
= Cβ t
−m+α/4−ℓ
∫ t
0
ds
s1+β/4−ℓ
= Cβ t
−m+(α−β)/4.
On the other hand,
B ≤
∫ ∞
t
ℓ∑
j=0
Cj
(t + js)m−α/4
ds
s1+β/4
=
ℓ∑
j=0
∫ ∞
t
Cj
(t + js)m−α/4
ds
s1+β/4
≤
ℓ∑
j=0
Cjt
−m+(α−β)/4 ≤ Ct−m+(α−β)/4.
The last inequalities is obtained by observing that t ≤ t + js ≤ (1 + ℓ)s inside the
integrals together with the discussion about the sign of m − α/4. We complete the
proof of this theorem. 
Proof of Theorem 1.9. Let 0 < α ≤ 1 and f ∈ Λ˙∆2α/4. By Theorem 1.7 we have
(∆2)−1/4f ∈ Λ˙∆2α+1
4
. Therefore, by Theorem 1.6 we get Rif = ∂xi(∆2)−1/4f ∈ Λ˙∆2α/4.
This gives the first statement of the theorem.
Suppose now 1 < α ≤ 2 and f ∈ Λ˙∆2α/4. Then, by Theorem 1.6 we have ∂xif ∈ Λ˙∆
2
α−1
4
.
Again, by Theorem 1.7 we get Rif = (∆
2)−1/4(∂xif) ∈ Λ˙∆2α/4. 
At last, we give the proof of Theorem 1.11.
Proof Theorem 1.11. Firstly, we prove that m(∆2) is bounded on L2(Rn). In this
proof we shall use spectral analysis. The reader can find the details about the spectral
analysis in [9, Ch. 12 and 13]. Since ∆2 is a nonnegative, densely defined and self-
adjoint operator on L2(Rn), there is a unique resolution E of the identity such that
e−t∆
2
=
∫ ∞
0
e−tλ dE(λ).
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The above identity is a shorthand notation that means
〈e−t∆2f, g〉L2(Rn) =
∫ ∞
0
e−tλ dEf,g(λ), f, g ∈ L2(Rn),
where dEf,g(λ) is a regular Borel complex measure of bounded variation concentrated
on the spectrum of ∆2, with d |Ef,g| (0,∞) ≤ ‖f‖L2(Rn) ‖g‖L2(Rn). Therefore, we write
m(∆2) =
∫ ∞
0
∫ ∞
0
−∂se−sλa(s)ds dE(λ).
And we have ∣∣〈m(∆2)f, g〉∣∣ ≤ ∣∣∣ ∫ ∞
0
∫ ∞
0
−∂se−sλa(s)ds dEf,g(λ)
∣∣∣
≤ ‖a‖∞
∫ ∞
0
∫ ∞
0
∣∣∂se−sλ∣∣ ds |dEf,g| (λ)
≤ C ‖f‖L2(Rn) ‖g‖L2(Rn) .
This means that ∥∥m(∆2)f∥∥
L2(Rn)
≤ C ‖f‖L2(Rn) .
Now we want to see that ‖∂ktWtm(∆2)f‖∞ ≤ Ct−k+α/4. Since a(s) is compactly sup-
ported, Fubini’s Theorem together with Lemmas 2.1 allows us to interchange integral
with derivatives and kernels. By Proposition 3.1, we have
|∂kt Wtm(∆2)f(x)| =
∣∣∣∣
∫ ∞
0
∂k+1u Wuf(x)
∣∣
u=t+s
a(s)ds
∣∣∣∣
≤ C‖a‖∞Sα[f ]
∫ ∞
0
1
(t+ s)k+1−α/4
ds
= C‖a‖∞Sα[f ] t−(k+1)+α/4
∫ ∞
0
t
(1 + r)k+1−α/4
dr
≤ C‖a‖∞Sα[f ]t−k+α/4.
We complete the proof of the theorem. 
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